Abstract. We extend some results by Gol ′ dshtein, Kuz ′ minov, and Shvedov about the Lp-cohomology of warped cylinders to Lp,q-cohomology for p = q.
Introduction
Let M be a Riemannian manifold. Given an arbitrary subset A ⊂ M , let W j p,q (M, A, σ j , σ j+1 ) be the closure in W j p,q (M, σ j , σ j+1 ) of the subspace spanned by all forms ω ∈ W j p,q (M, σ j , σ j+1 ) which vanish on some neighborhood of A (depending on ω).
Let Z j q (M, σ j ) be the subspace in W j q,q (M, σ j ) that consists of all forms ω such that dω = 0 and let
are called the jth L p,q -cohomology and the jth reduced L p,q -cohomology of the Riemannian manifold M with weights σ j−1 and σ j . The quotient space
will be referred to as the L p,q -torsion of M with the given weights. Clearly, the space 
For p = q, we write the subscript p instead of p, p throughout. If the weights involved in the definition of the corresponding space are equal to 1 then they will be omitted.
The spaces W p,q and L p,q -cohomology were introduced at the beginning of the 1980's by Gol ′ dshtein, Kuz ′ minov, and Shvedov [3, 4, 5, 6, 7, 8] , who obtained many results concerning W p,q -forms and especially L p -cohomology. Later L p,qcohomology was considered in [11, 12, 14] .
In this paper, we, following [9, 10] , look for conditions of the nontriviality of the L p,q -cohomology and L p,q -torsion on warped cylinders, a class of warped products of Riemannian manifolds. By the warped product X × f Y of two Riemannian manifolds (X, g X ) and (Y, g Y ) with the warping function f : X → R + we mean the product manifold X × Y endowed with the metric
[ is a half-interval on the real line then X × f Y is referred to as the warped cylinder. The study L 2 -cohomology of warped cylinders was initiated by Cheeger [2] .
The structure of the article is as follows. In Section 2, we adapt the results of [10] about the L p -cohomology of a half-interval to the case p = q. After that, using these L p,q -results, in Section 3, we prove a partial L p,q -generalization of Theorem 1 of [10] about the L p -cohomology of a warped cylinder [a, b[× f Y depending on the analytic properties of the function f . As an application, we obtain an extension of the necessary condition for the triviality of the L p,q -torsion of a surface of revolution in R n+2 [13] from the case p = q to arbitrary p,q such that 
From the classical Sobolev Embedding Theorem it follows that the functions of the class
We have
We call the following assertion the lemma about the Hardy inequality [1, 9, 18] : 
it is necessary and sufficient that χ p,q (α, β, v 0 , v 1 ) < ∞. Here
If p = 1 (q ′ = ∞) then the corresponding integral must be replaced by ess sup.
The constant χ p,q (α, β, v 0 , v 1 ) will be referred to as the Hardy constant.
The following lemma was proved in [10] for p = q and v 0 = v 1 . The proof given in [10] holds for different p and q and different v 0 and v 1 . 
As in [10] , Lemma 2 yields the following assertion.
be an exact sequence of Banach complexes, i.e., complexes in the category of Banach spaces and bounded linear operators. Sequence (1) yields an exact sequence of the cohomology spaces
with continuous operators ∂ * , ϕ * , ψ * and a semi-exact sequence of the reduced cohomology spaces
Under certain conditions, sequence (2) is exact at some terms (see [9, 15, 17] ). In particular, Gol ′ dshtein, Kuz ′ minov, and Shvedov proved the following assertion in [9] :
As was explained in [12] , we can describe the jth weighted L p,q -cohomology of an n-dimensional Riemannian manifold M with given weights σ j−1 and σ j in terms of Banach complexes. To this end, consider an arbitrary sequence π = {p 0 , p 1 , . . . , p n } ⊂ [1, ∞] with p k−1 = p and p k = q and a sequence of positive continuous weights σ = {σ k } n k=0 with the given σ j−1 and σ j . Given a subset
Here we have assumed that p n+1 = p n and σ n+1 = σ n .
Since the exterior differential is a bounded operator
By the kth , σ) ) of the Riemannian manifold M with respect to A with weight σ we mean the cohomology (reduced cohomology) of (3). Thus,
, and a pair of weights v = {v 0 , v 1 }. We have the following exact sequence of Banach complexes:
where H * ({a}) is the complex with the only nontrivial term H 0 ({a}) = R. Lemma 3 yields the exact sequence
. Thus, we infer the following assertion, proved for p = q in [10] . With what has been said above, the proof of [10] 
is a Lipschitz Riemannian manifold in the sense of [3] but we will assume for simplicity that ∂Y = ∅ to make C f a,b smooth, which will be enough for our purposes.
Suppose that 1 < p < ∞ and 1 < q < ∞.
In [10] , Gol ′ dshtein, Kuz ′ minov, and Shvedov introduced the bilinear mapping
In [10] it was proved that ν is continuous and if
(Y ), we similarly become convinced that the mapping ν ϕ = ν(ϕ, ·) induces continuous mappings
Write ω in the form ω = ω A +dt∧ω B , where ω A , ω B do not contain dt [9] . Following [10] , introduce the continuous operator µ ψ :
The following lemma was proved in [10] for p = q and ψ ∈ V n−j+1 p ′ (Y ). The proof in [10] easily extends to p = q:
n−j+1 (Y ) and dψ = 0 then µ ψ induces continuous mappings
We have the following theorem partially generalizing item 7 of Theorem 1 in [10] :
(Y ) be a cocycle having the property mentioned in the theorem and let γ ∈ D n−j+1 (M ) be a form such that [10] . Consequently, the mappings ν *
L p,q -Torsion of a Surface of Revolution
Let M be a surface of revolution in R n+2 , i.e., the (n + 1)-dimensional surface defined by the equation
where f : [0, ∞[→ R is a positive smooth function. With the metric induced from R n+2 , the manifold M is the product [0, ∞[×S n with the metric
where dx 
In [14] , we have proved the following fact:
Kuz ′ minov and Shvedov [16] established that T j p (M ) is zero for all j, 2 ≤ j ≤ n and that, for j = 1, n + 1, the triviality of T j p (M ) depends on the finiteness of some Hardy constants. This is due to the connection between the L p -cohomology of the warped product C f a,b Y and the weighted L p -cohomology of [a, b[ given in the mentioned papers [9, 10] . Above we have shown that there is a connection of this type for L p,q -cohomology. Namely, by Theorem 3, since S n is compact and the de Rham cohomology
The main result of this section is a generalization of Theorems 2 and 2 ′ of [13] and is formulated as follows:
Theorem 5. Let M be the surface of revolution (4). Suppose that 1 < p < ∞, 1 < q < ∞,
We have the following equalities:
is the function inverse to the arc length function G(x) =
The main element in the proof of Theorem 5 is the following lemma which has some independent interest.
Proof. Suppose first that p ≥ q.
Assume that χ
Since
it follows that the integral
is finite. There appear several possibilities: (a) Note that, since
The last quantity in (8) is equivalent to Cf 
and, hence, there exists a finite integral
As in the case χ 0 p,q < ∞, we infer that either n q − k < 0 and lim
In the latter case we have:
where
p , we have n − kp + 1 > 0, and, hence, the last quantity in (11) behaves like Cf We now pass to the case p < q. Suppose that χ 0 p,q < ∞. Then, as above, we have (6) and (7) and conclude that either Here C = const > 0 and Lemma 5 is completely proved.
